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Predicting the effective behavior of heterogeneous materials
from the properties of the components and the microstructure
represents a critical step in the design of new materials and the
modeling of their mechanical behavior. In this context, microme-
chanical approaches are widely used to determine the macroscopic
behavior of materials, from the description of its local behavior and
microstructure. The micromechanical problems are generally
solved by the self-consistent approximation based mainly on the
integral equation introduced by Kröner (1958) and Dederichs and
Zeller (1973) or on the Eshelby (1957) inclusion problem. The
self-consistent method, originally proposed by Hershey (1954)
and Kröner (1958) for heterogeneous elastic materials, was
extended later to behavior of incremental elastic–plastic (Hill,
1965; Weng, 1981a,b; Berveiller and Zaoui, 1995) and viscous
types (Hutchinson, 1976; Molinari et al., 1987).
The viscoelastic and elastic–viscoplastic cases raise a more
complex problem, mainly due to the differential nature of the con-
stitutive law which involves different orders of time derivation
concerning stress and strain ﬁelds. Viscoelastic or elastic–visco-
plastic self-consistent modeling is faced thus with a space/time
relation, resulting from both the heterogeneous and the hereditary
nature of the material. The main difﬁculty is to ﬁnd a suitable scalell rights reserved.
+33 387346935.transition, which would take into account the complex effect of
elastic and viscous interactions, described by Suquet (1987) as
the ‘‘long memory effect’’. Two different ways can be chosen to
deal with this problem.
On the one hand, the hereditary approaches are based on the
time-integral formulation of the behavior and use the Laplace–
Carson transform to perform the self-consistent scheme (Laws
and McLaughlin, 1978; Li and Weng, 1994a,b; Rougier et al.,
1994; Masson et al., 2000; Brenner et al., 2002). In general, the
methods using Laplace–Carson transform require large CPU time
and memory space and are not well adapted for non-linear
situations; moreover their inversions are not easy to ﬁnd.
On the other hand, internal variables approaches are based on
the differential formulation of the behavior (Weng, 1981a,b;
Nemat-Nasser and Obata, 1986; Molinari et al., 1997; Paquin
et al., 1999; Sabar et al., 2002). Theses approaches can be preferred
for the simplicity of their numerical resolution. The global behavior
of Representative Volume Element (RVE) is directly determined by
averaging the local ﬁelds, the difﬁculty being mainly in the consid-
eration of elastic–viscoplastic nature interactions. The ﬁrst models
(Weng, 1981a,b; Nemat-Nasser and Obata, 1986), directly deduced
from the interaction law of Kröner (1961), overestimate the inter-
nal stresses. Another approach based in a complete mechanical for-
mulation using Kunin’s projection operators and translated ﬁelds,
allowing self-consistent proceeding, was proposed by Paquin
et al. (1999) and Sabar et al. (2002). In linear viscoelasticity, these
last two approaches are in good agreement with hereditary ones,
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do not capture exactly the macroscopic behavior at intermediate
times when the viscoelasticity coupling occurs. Recently, Coulibaly
and Sabar (in press) have proposed an approach in which a new
integral equation is obtained from a complete and rigorous
mechanical formulation of the heterogeneous problem. The ob-
tained results coincide, at every instant, with the exact solution
of Hashin (1969), for the problem of inclusion, and with those ob-
tained by Rougier et al. (1994) for the overall behavior.
Hence, in this work, following these encouraging results, we
propose an extension of the model of Coulibaly and Sabar (in press)
in the general case of the nonlinear elastic–viscoplastic behavior of
heterogeneous materials.
The ﬁrst part consists in presenting a new integral formulation,
starting from a complete system of ﬁeld equations, in order to deal
with the complexity of scale transition of elastic–viscoplastic heter-
ogeneous problem. This complexity is due to intergranular accom-
modation which is analysed here through the interaction law of
inclusion problem. Analytical results are also presented in the spe-
ciﬁc case of isotropic elastic–viscoplastic behavior and spherical
inclusions.
The second part is devoted to the application of self-consistent
approximation to the new obtained integral equation for ellipsoi-
dal inclusions composed materials. The homogenization procedure
is carried out by averaging and applying the internal variables
incremental method. In the last part, numerical results provided
by the model are compared with those of Rougier’s model (1993)
and (1994), considered as reference, and those of Weng’s (1981a)
and Paquin’s (1999) models in the linear case. In the nonlinear
case, the accuracy of the proposed scheme is assessed by compar-
ing its predictions with those of ‘‘exact’’ Finite Elements Method
results and variational models of Lahellec and Suquet (2007).
2. Micromechanical model for heterogeneous elastic–
viscoplastic materials
2.1. Integral formulation of heterogeneous problem
Let us consider an elastic–viscoplastic heterogeneous medium V
with local tensors of elastic compliances s(r) (elastic moduli
c(r) = s1(r)) and secant viscoplastic compliances m(r) (secant
viscoplastic moduli b(r) =m1(r)), subjected to a uniform strain
rate _E at boundary @V.
In nonlinear cases, m(r) may be dependent on the local stress r
and the viscoplastic strain evp(r). The local constitutive law is de-
scribed as a Maxwell element, using the hypothesis of the partition
of the strain rate into elastic and viscoplastic ones. The problem is
treated in the framework of quasi-static equilibrium with no vol-
ume forces and no inertia effects.
The ﬁeld equations of such heterogeneous problem are thus gi-
ven at each time t as:
 Constitutive law
_eðr; tÞ ¼ sðrÞ : _rðr; tÞ þ _evpðr; tÞ ð1Þ Evolution law of the viscoplastic strain rate
_evpðr; tÞ ¼ mðr;r; evpÞ : rðr; tÞ ð2Þ Equilibrium equation for the stress rate
div _r ¼ 0 ð3Þ Kinematic compatibility relation
_e ¼ rs  v ð4Þ Boundary conditions
vd ¼ _E  x on @V ð5ÞIn these equations, the unknown ﬁelds are stress and strain
rates _r and _e. The stress ﬁeld r is assumed to be known, at least
partially, and has to satisfy condition divr = 0. It is considered as
one of the internal variables of the problem and contains the mem-
ory of the material through its current values. It thus avoids the
storage of the whole material mechanical history.
Moreover, notation rs  v indicates the symmetrical part of
velocity gradient which is equal to strain rate _e. The symbol ‘‘:’’
is used to designate the contracted product between two tensors
and ‘‘’’ the scalar product between two vectors. Otherwise, vector
r(x1,x2,x3) is the position of a point P in the volume V.
The problem then consists in ﬁnding stress and strain rates
ﬁelds _r and _e satisfying ﬁeld Eqs. (1)–(5) at each time t that allows
to determine the overall properties of the RVE through the homog-
enization step.
Elastic heterogeneous properties are descripted as ﬂuctuations
regarding homogeneous compliances S:
sðrÞ ¼ Sþ dsðrÞ; cðrÞ ¼ C þ dcðrÞ with c ¼ s1; C ¼ S1 ð6Þ
Partial differential equations are then deduced, similar to Navier’s
equations in elasticity after substituting (1) and (4) into (3):
divðC : _eÞ  divðC : ðds : _rþ _evpÞÞ ¼ 0 ð7Þ
By introducing Green functions GC(r) of the elastic reference med-
ium such as
CijklG
C
km;ljðrÞ þ dimdðrÞ ¼ 0 with GCðrÞ ¼ 0 on @V
where d(r) represents Dirac function and dim is the Kronecker sym-
bol, the set of partial derivative equations (7) leads to the following
integral equation:
_eðrÞ ¼ _Eþ
Z
V 0
CCðr  r0Þ : C : ðdsðr0Þ : _rðr0Þ þ _evpðr0ÞÞdV 0 ð8Þ
By expressing the space convolution product as ‘‘*’’ along V, Eq. (8)
can be re-written as:
_e ¼ _Eþ CC : C  ðds : _rþ _evpÞ ð9Þ
Here,CC designates the modiﬁed Green tensor associated to the ref-
erence medium and deﬁned by:
CCijkl ¼ 
1
2
GCil;kj þ GCjl;ki
 
ð10Þ
Integral equation (9) describes the interactions between elastic and
viscoplastic heterogeneities of the material: strain rate _eðrÞ at posi-
tion r depends on the macroscopic strain rate _E, elastic heterogene-
ities ds(r) and viscoplastic strain rate _evpðrÞ in the whole volume V.
To obtain the solution of Eq. (9), method of Eshelby inclusion
problem (Eshelby, 1957) is used in this paper. In order to avoid
complex calculations, this problem topology is reduced to the
one of ellipsoidal inclusion embedded in a homogeneous inﬁnite
matrix. Its resolution leads to concentration equation linking stress
and strain local ﬁelds to macroscopic ﬁeld _E. Thus, solution of inte-
gral equation (9) is considered as the key of the concentration pro-
cess for micro-heterogeneous media.
2.2. Elastic–viscoplastic inclusion problem and interaction law
Let us consider an elastic–viscoplastic ellipsoidal inclusion VI,
with uniform elastic moduli cI (or sI), embedded in an elastic–
viscoplastic inﬁnite matrix, with uniform elastic C (or S). Whithin
the material, a viscoplastic strain rate _evpðrÞ lies in the volume
and a homogeneous macroscopic strain rate _E is applied on the ma-
trix boundary.
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dsðrÞ ¼ DIshIðrÞ ð11Þ
where DIs = sI  S and hI(r) is the Heaviside step function which is
equal to 1 into inclusion VI and zero into the matrix. Integral equa-
tion (9) then reads as:
_eðrÞ ¼ _Eþ
Z
V 0I
CCðr  r0Þ : C : DIs : _rðr0ÞdV 0I
þ
Z
V 0
CC r  r0ð Þ : C : _evp r0ð ÞdV 0 ð12Þ
The second term of second member of Eq. (12) is an integral deﬁned
into the ellipsoidal inclusion domain VI, while the third one is an-
other integral applied on the entire medium V. This latter term is
particularly awkward to evaluate by considering a heterogeneous
viscoplastic strain rate ﬁeld. The difﬁculty is to preserve the elas-
tic–viscoplastic nature of the intergranular accommodation in the
integral equation solution.
The ﬁrst attempts at resolving (12) have been proposed by Krö-
ner (1961) in elastoplasticity and Weng (1981a) in elastic–visco-
plasticity. The approximation made by these authors consists in
introducing a ﬂuctuation of ﬁeld _evpðrÞ around a uniform viscoplas-
tic ﬁeld _Evp acting in the matrix. Hence, Eq. (12) becomes:
_eðrÞ ¼ _Eþ
Z
V 0I
CCðr  r0Þ : C : DIs : _rðr0ÞdV 0I
þ
Z
V 0I
CCðr  r0Þ : C : ð _evpðr0Þ  _EvpÞdV 0I ð13Þ
With these methods, the evaluation of strain rate ﬁeld _eðrÞ remains
complex. However, as c(r) is quite uniform by pieces, average values
of _eðrÞ in each phase can be considered under the classical self-con-
sistent scheme. Consequently, average strain rate ﬁeld _eI is intro-
duced in the inclusion VI such as:
_eI ¼ 1
VI
Z
VI
_eðrÞdVI
Besides, according to Eshelby (1957), integral
R
VI
CCðr  r0ÞdVI for an
ellipsoidal inclusion can be considered as uniform and deﬁnes the
interaction tensor TC as:Z
VI
CCðr  r0ÞdVI ¼ TC if r0 2 VI ð14Þ
By assuming a constitutive law of the matrix as
_E ¼ S : _Rþ _Evp
where _R is the macroscopic stress rate, the interaction law is
obtained:
_rI  _R ¼ ðC  TC1Þ : ð _eI  _EÞ ð15Þ
Here, _rI is the average stress rate ﬁeld in ellipsoidal inclusion.
Law (15) provides an estimation on average stress and strain
into the inclusion and describes a purely elastic inclusion-matrix
accommodation.
It should be underlined that (15) is reliable as far as mathemat-
ical and physical aspects are concerned. However, mechanical
interactions remain roughly estimated. As the matter of fact, the
inelastic behavior is not taken into account according to this for-
mulation. This means that inelastic strain depends on stress and
is not a ‘‘stress free strain’’ as it is considered in Kröner’s model.
Thus, interaction law (15) strongly overestimates the internal
stress (Berveiller and Zaoui, 1979) and leads to interactions closed
to those contained by Taylor (1938) and Lin (1957) models.From Weng’s experience, Kouddane et al. (1993) realize that
self-consistent hypothesis requires the matrix behavior and unlike
its viscoplastic strain rate to be uniform.
Thereby, constitutive law (2), describing the local viscoplastic
strain rate _evpðrÞ, has to be deﬁned in the integral formulation. As
for elasticity, the heterogeneous viscoplastic properties m(r) can
be taken as ﬂuctuations regarding homogeneous compliance ten-
sor M:
mðrÞ ¼ M þ dmðrÞ; bðrÞ ¼ Bþ dbðrÞ with b ¼ m1; B ¼ M1
ð16Þ
By injecting decomposition (16) in (2), integral equation (9) turns
into:
_e ¼ _Eþ CC : C  ðds : _rþ dm : rÞ þ CC : C M : r ð17Þ
Fluctuations dm(r) vanish in the matrix, while are equivalent in the
inclusion to
dmðrÞ ¼ DImhIðrÞ with DIm ¼ mI M ð18Þ
where mI is the viscoplastic compliances tensor in the inclusion,
which depends on stresses rI in VI. According to Eshelby (1957),
ﬁeld rI is uniform and mI can fairly be assumed uniform as well
in the inclusion.
Thanks to constitutive equations (1) and (2) and macroscopic
law for matrix _E ¼ S : _RþM : R, the interaction law is given by:
_rI  _R ¼ ðC  TC1Þ : ð _eI  _EÞ  C : M : ðrI  RÞ
þ T
C1
VI
:
Z
VI
Z
V 0
CCðr  r0Þ : C : M : rðr0ÞdV 0 dVI ð19Þ
This latter law contains three different terms:
– ﬁrst term ðC  TC1Þ : ð _eI  _EÞ refers to a purely elastic
accommodation;
– second term expresses the viscoplastic relaxation of stress
between inclusion and matrix and is proportional to (rI  R);
– the last term (so-called ‘‘volume’’ term), which has an integral
form, must be evaluated over the entire volume V and requires
the assessment of stress ﬁeld r(r) for each point of the volume.
Through these observations, Eq. (19) points out the importance
of a more realistic description of elastic–viscoplastic behavior by
taking into account viscoplastic strain rate evolution law. Hence,
representation of intergranular accommodation is not just re-
stricted to an elastic process.
Kouddane et al. (1993) approach is based on (19) and on
assumption that C : M ¼ kI (k is a scalar) which allows to cancel
the integral term thanks to static equilibrium property divr = 0.
Eq. (19) is then reduced to:
_rI  _R ¼ ðC  TC1Þ : ð _eI  _EÞ  C : M : ðrI  RÞ ð20Þ
The presence of a viscoplastic term in (20) shows that the effect of
elastic–viscoplastic interactions has been taken into account, at
least partially. Nevertheless, hypothesis made in this latter ap-
proach remains a strong restriction. Indeed, assuming that
C : M ¼ kI means that structure of tensor M is chosen to be linearly
dependent on S (M = kS) and is physically valid only in the case of
incompressible isotropic materials.
Finally, study of elastic–viscoplastic inclusion problem allows to
analyse the nature of intergranular accommodation. Volume con-
tribution of stress ﬁeld is essential to represent rigorously the
interactions memory. Consequently, this suggests that self-consis-
tent scale transition must be faced with particularly complex
treatment of an additional integral term appearing only for
elastic–viscoplastic coupling.
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heterogeneous problem is presented, based on establishing a new
ﬁeld equations system, in order to evaluate more rigorously the
integral term in law (19).
2.3. New integral equation of the elastic–viscoplastic heterogeneous
problem
Therefore, to deal with the complexity of scale transition in
elastic–viscoplasticity previously speciﬁed, the idea is to express
integral term CC : C M : r as elastic and viscoplastic ﬂuctuations
in order to solve the integral equation of heterogeneous problem.
To do so, it is necessary to establish a complete system of ﬁeld
equations gathering the ﬁeld equations (1)–(5) and their time
derivatives, including equilibrium condition for the stress ﬁeld r:
_rðr; tÞ ¼ cðrÞ : ð _eðr; tÞ mðr;rÞ : rðr; tÞÞ ð21Þ
€rðr; tÞ ¼ cðrÞ : ð€eðr; tÞ mðr;rÞ : _rðr; tÞ  _mðr;rÞ : rðr; tÞÞ ð22Þ
div r ¼ 0 ð23Þ
div _r ¼ 0 ð24Þ
div €r ¼ 0 ð25Þ
_e ¼ rs  v ð26Þ
€e ¼ rs  _v ð27Þ
vd ¼ _E  x on @V ð28Þ
_vd ¼ €E  x on @V ð29Þ
where unknown ﬁelds of the problem are €e and €r, while r and _E is a
known data.
Equilibrium conditions (24) for the ﬁeld _r given by (21) and
(25) for the ﬁeld €r given by (22), provide the differential Navier’s
equations of the problem described by (21)–(29):
divðC : _eÞ  divðC : ðds : _rþ dm : rÞÞ  divðC : M : rÞ ¼ 0 ð30Þ
divðC : €eÞ  divðC : ðds : €rþ dm : _rþ d _m : rÞÞ
 divðC : M : _rÞ  divðC : _M : rÞ ¼ 0 ð31Þ
In this last equations, ‘‘volume’’ terms are functions of ﬁelds r and
_r. To express these terms only as function of r, the local behavior
law (21) deﬁning r is substituted in the term divðC : M : _rÞ. There-
fore, the system of Eqs. (30) and (31) becomes:
div C : _eð Þ  div C : ds : _rþ dm : rð Þð Þ  div C : M : rð Þ ¼ 0 ð32Þ
divðC : €eÞ  divðC : M : C : _eÞ  divðC : ðds : €rM : C : ds : _r
þ dm : _rþ d _m : rM : C : dm : rÞÞ
þ divðC : ðM : C : M  _MÞ : rÞ ¼ 0 ð33Þ
Thus, these differential equations have similar ‘‘volume’’ terms and
are function of the same ﬁeld r. Hence, the double integral formu-
lation of (32) and (33) allows to substitute those ‘‘volume’’ terms by
their expressions as function of the elastic and viscoplastic ﬂuctua-
tion ones. In other words, the resolution of the elastic–viscoplastic
heterogeneous problem is based on a double integral equation
which results from differential Navier’s equations coming from
the association of the two previously descripted heterogeneous
problems. Eqs. (32) and (33) are independant: they differentiate
themselves by their time derivatives degrees, that is, equations of
the ﬁrst heterogeneous problem are time derivatives of those of
the second one. Afterwards, the double integral formulation of the
complete problem (21)–(29) is presented. It allows to remove the
‘‘volume’’ terms to determine a single integral equation where the
ﬁctitious volume forces are expressed as elastic and viscoplastic
ﬂuctuations. This obtained integral equation is adapted for scale
transition methods for heterogeneous materials. The new methodof integral formulation is described by setting a isotropic homoge-
neous medium with elastic moduli C and viscoplastic compliances
M. Hence, these last ones decompose into deviatoric and spherical
parts
C ¼ 3KLþ 2lJ; M ¼ 1
3Kv
Lþ 1
2g
J ð34Þ
with Lijkl ¼ 13 dijdkl; Jijkl ¼ Iijkl  Lijkl.
dij is the Kronecker symbol and Iijkl ¼ 12 dikdjl þ dildjk
 
is the
fourth order identity tensor. K, l, respectively, designate bulk
and shear moduli for elasticity and Kv and g deﬁne, respectively,
bulk and shear moduli for viscoplasticity.
Recall that the aim of this section is to solve the complete sys-
tem (21)–(29) which comprises Navier’s equations (32) and (33).
To do so, the following terms divðC : _eÞ; divðC : M : C : _eÞ; divðC :
€eÞ; divðC : M : rÞ and divðC : ðM : C : M  _MÞ : rÞ have to be
speciﬁed.
Based on decomposition (34), knowing that strain rate tensor is
the symmetrical part of velocity gradient, and according to the
equilibrium condition (23) for stress ﬁeld r, these latter terms
can read as:
divðC : _eÞi ¼ lv i;kk þ ð3K þ lÞ _es;i ð35Þ
divðC : M : C : _eÞi ¼
l2
g
v i;kk þ 3K
2
Kv
þ l
2
g
 !
_es;i ð36Þ
divðC : €eÞi ¼ l _v i;kk þ ð3K þ lÞ€es;i ð37Þ
divðC : M : rÞi ¼ krs;i ð38Þ
divðC : ðM : C : M  _MÞ : rÞi ¼ k
K
Kv
þ l
g
 
 _k
 
rs;i ð39Þ
where _es; €es;rs are, respectively, spherical parts of _e; €e;r and
k ¼ KKv  lg.
From expressions (35)–(39), Navier’s equations (32) and (33)
read as:
lv i;kk þ ð3K þ lÞ _es;i þ Rik;k  krs;i ¼ 0 ð40Þ
l _v i;kk  l
2
g
v i;kk þ 3K þ lð Þ€es;i  3K
2
Kv
þ l
2
g
 !
_es;i þ R0ik;k
þ k K
Kv
þ l
g
 
 _k
 
rs;i ¼ 0 ð41Þ
where ﬂuctuation terms R and R0 are expressed as:
R ¼ C : ðds : _rþ dm : rÞ
R0 ¼ _R C : M : R
To determine spherical parts _es and €es, let us carry out a space der-
ivation of Eqs. (40) and (41) according to vector xi
ð3K þ 4lÞ _es;kk þ Rik;ik  krs;kk ¼ 0 ð42Þ
ð3K þ 4lÞ€es;kk  3K
2
Kv
þ 4l
2
g
 !
_es;kk þ R0ik;ik
þ k K
Kv
þ l
g
 
 _k
 
rs;kk ¼ 0 ð43Þ
Now using methods of Green’s functions and Fourier’s transform, it
is known that tensor X, whose Laplacian DX is a tensor F, can be
written as
X ¼ X0  1
4pr
 F
where X0 is the value of X at inﬁnity.
In this way, inverse Laplacian operator is then applied to Eqs.
(42) and (43) and leads to
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k
4pr
 rs;kk ð44Þ
ð3K þ 4lÞð€es  €EsÞ  3K
2
Kv
þ 4l
2
g
 !
ð _es  _EsÞ
¼ 1
4pr
 R0ik;ik þ k
K
Kv
þ l
g
 
 _k
 
1
4pr
 rs;kk ð45Þ
where _Es and €Es designate ﬁelds _es and €es at inﬁnity and r ¼ k~rk.
In addition, knowing that
1
r
 rs;kk ¼ 4p rs  r0s
 
where r0s denotes tensor rs at inﬁnity, spherical contributions _es
and €es can ﬁnally be written as
ð3K þ 4lÞð _es  _EsÞ ¼ 14pr  Rik;ik þ kðrs  r
0
s Þ ð46Þ
ð3K þ 4lÞð€es  €EsÞ  3K
2
Kv
þ 4l
2
g
 !
_es  _Es
 
¼ 1
4pr
 R0ik;ik  k
K
Kv
þ l
g
 
 _k
 
rs  r0s
  ð47Þ
Since quantities _Es; €Es and r0s are uniform, their gradients are thus
equal to zero. Then by applying the gradient to Eqs. (46) and (47),
terms _es;i and €es;i are deduced as
ð3K þ 4lÞ _es;i ¼ 14p
1
r
 
;i
 Rkl;kl þ krs;i ð48Þ
ð3K þ 4lÞ€es;i  3K
2
Kv
þ 4l
2
g
 !
_es;i
¼ 1
4p
1
r
 
;i
 R0kl;kl  k
K
Kv
þ l
g
 
 _k
 
rs;i ð49Þ
Then substitution of elements _es;i and €es;i by their expressions (48),
(49), respectively in (40) and (41) leads to
lv i;kk þ 3K þ l3K þ 4l
1
4p
1
r
 
;i
 Rkl;kl þ Rik;k  3lk3K þ 4lrs;i ¼ 0 ð50Þ
l _v i;kk  l
2
g
v i;kk  9lKk
3K þ 4lð Þ2
1
4p
1
r
 
;i
 Rkl;kl þ 3K þ l3K þ 4l
1
4p
1
r
 
;i
 R0kl;kl þ R0ik;k 
3lk
3K þ 4l
3Kk
3K þ 4l
K
Kv
 l
g
þ
_k
k
 !
rs;i ¼ 0 ð51Þ
Thus, in Navier’s equations (50) and (51), the presence of the same
variable rs,i can be clearly noted. Since both Navier’s equations are
independent, it becomes possible to gather them to remove rs,i.
l _v i;kkl
2
g
v i;kkþ 3Kþl3Kþ4l
1
4p
1
r
 
;i
R0kl;kl þR0ik;k 
3lack
3Kþ4l
1
4p
1
r
 
;i
Rkl;kl ack KKv 
l
g
þ
_k
k
 !
lv i;kkþ 3Kþl3Kþ4l
1
4p
1
r
 
;i
 
Rkl;klþRik;k
!
¼ 0 ð52Þ
Eq. (52) depends only on elastic and viscous ﬂuctuations terms R
and R0 and the Laplacian of v and _v . Performing the inverse Lapla-
cian, this equation can thus be written asl _v i  _v0i
  l2
g
v i  v0i
  3K þ l
3K þ 4l
1
4pr
 1
4pr
 R0kl;kli 
1
4pr
 R0ik;k
þ 3la
ck
3K þ 4l
1
4pr
 1
4pr
 Rkl;kli  ack KKv 
l
g
þ
_k
k
 !
 lðv i  v0i Þ 
3K þ l
3K þ 4l
1
4pr
 1
4pr
 Rkl;kli  14pr  Rik;k
 
¼ 0
ð53Þ
where _v0i and v0i are quantities _v i and vi at inﬁnity and ac ¼ 3K3Kþ4l.
In addition, thanks to Fourier’s transform method, the following
space convolution can be achieved
1
4pr
 1
4pr
¼  r
8p
This last relation enables us to re-write Eq. (53) as follows
_v i  _v0i 
l
g
v i  v0i
 þ 3K þ l
3K þ 4l
r
8pl
 R0kl;kli 
1
4plr
 R0ik;k
 3la
ck
3K þ 4l
r
8pl
 Rkl;kli  ack KKv 
l
g
þ
_k
k
 !
 v i  v0i þ
3K þ l
3K þ 4l
r
8pl
 Rkl;kli  14plr  Rik;k
 
¼ 0 ð54Þ
Moreover, knowing that
r  Fkl;kli ¼ r;kli  Fkl;1r  Fik;k ¼
1
r
 
;k
 Fik where F ¼ R or R0
and by applying the gradient, Eq. (54) becomes
_v i;j  _v0i;j þ
3K þ l
3K þ 4l
r;klij
8pl
 1
4pl
1
r
 
;kj
dil
 !
 _Rkl þ lg
 a
c
av
v i;j  v0i;j þ
3Kv þ g
3Kv þ 4g
r;klij
8pg
 1
4pg
1
r
 
;kj
dil
 !
 ðB : S : RÞkl
 !
þ
_k
k
v i;j  v0i;j þ
3K þ l
3K þ 4l
r;klij
8pl
 1
4pl
1
r
 
;kj
dil
 !
 Rkl
 !
¼ 0
ð55Þ
with av ¼ 3Kv
3Kv þ 4g.
Let us consider Green’s functions GC and GB, respectively, asso-
ciated with homogeneous elastic C and viscoplastic B moduli ten-
sors. These functions are deﬁned by Mura (1987) in the case of
isotropic materials as
GCijðrÞ ¼
1
4pl
dij
r
 3K þ l
3K þ 4l
r;ij
8pl
and
GBijðrÞ ¼
1
4pg
dij
r
 3K
v þ g
3Kv þ 4g
r;ij
8pg
ð56Þ
Taking into account the expressions (56) of Green tensors GC and GB
in Eq. (55) and introducing the modiﬁed Green’s operators associ-
ated with elasticity and viscoplasticity homogeneous media, such as
Caijkl ¼ 
1
2
Gail;kj þ Gajl;ki
 
; a ¼ C or B
the symmetrization of (55), which consists in considering the sym-
metric part of gradients v i;j; _v i;j and the substitution of R and R0
expressions ﬁnally allow to determine the integral equation as
follows
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 l
g
ac
av
_e _E CB : B  ds : _rþ dm : rð Þ
 
þ
_k
k
ð _e _E CC : C  ðds : _rþ dm : rÞÞ ð57Þ
The obtained equation represents the integral equation of the elas-
tic–viscoplastic heterogeneous problem and deﬁnes the interactions
between the heterogeneities ofmaterial: ﬁelds €eðrÞ and _eðrÞ at point r
depend on the external loading €E and _E, the elastic and viscoplastic
heterogeneities in volume V, the stress r and stress rate _r. This last
ﬁeld _r depends itself on r and _e by local secant behavior law (21).
The advantage of this new integral equation (57) is in the
presence of space convolution terms which comprise, on the one
hand, the classical elastic and viscoplastic Green’s operators of
the reference homogeneous medium, and on the other hand, the
elastic and viscoplastic ﬂuctuations. Indeed, in the new equation
(57), ‘‘volume’’ terms are not considered anymore as it is the case
in classical integral equations of elastic–viscoplastic heteroge-
neous problem. Since these ‘‘volume’’ terms point out the difﬁculty
of internal variables scale transition in elastic–viscoplasticity, it is
now possible to expect a more rigourous resolution from Eq.
(57). This resolution step is achieved thereafter by applying (57)
to the elastic–viscoplastic inclusion problem.
2.4. Solution of elastic–viscoplastic inclusion problem
In this section, a elastic–viscoplastic medium V is considered
and consists of an ellipsoidal inclusion VI, with elastic moduli cI
and viscoplastic compliances mI, embedded in an inﬁnite matrix
with elastic moduli C and viscoplastic compliances M. Stress ﬁeld
r(r) is assumed uniformwithin inclusion domain so that viscoplas-
tic compliances tensor is piecewise constant (homogeneous in
inclusion and matrix).
The problem is as follows: a uniform strain rate _E is imposed to
the matrix boundary and stress and strain rates ﬁelds have to be
assessed in the inclusion.
In this case, notations (11) and (18) are used for elastic and
viscoplastic ﬂuctuations; hence integral equation (57) is given in
inclusion domain VI by:
€eI ¼ €Eþ SC : DIs : €rI þ DIm : _rI þ DI _m : rI 
 l
g
aC
av
_eI  _E SB : DIs : _rI þ DIm : rI  
þ
_k
k
_eI  _E SC : DIs : _rI þ DIm : rI   ð58Þ
where SC ¼ TC : C and SB ¼ TB : B are the Eshelby tensors, respec-
tively, associated with reference media C and B.
Injecting now the expressions of €eI and _eI as functions of €rI; _rI
and rI, given by local behavior laws (21) and (22), the stress
concentration relation is ﬁnally found
sI : €rI þ N1 : _rI þ N2 : rI ¼ AC : €Eþ N3 : _E ð59Þ
with:
AC ¼ ðI þ SC : C1 : DIcÞ1 ð60Þ
N1 ¼ AC : mI  SC : DImþ lg
aC
av
ðsI  SB : DIsÞ þ
_k
k
ðsI  SC : DIsÞ
 !
ð61ÞN2 ¼ AC : _mI  SC :DI _mþlg
aC
av
ðmI  SB :DImÞþ
_k
k
ðmI  SC :DImÞ
 !
ð62ÞN3 ¼ lg
aC
av

_k
k
 !
AC ð63Þ
In the case of a RVE consisting of spherical inclusions whose behav-
ior is assumed isotropic, each phase can be deﬁned by bulk and
shear moduli in inclusion domain (KI and lI for elasticity, KvI
and gI for viscoplasticity). Thus we write in inclusion VI:
cI ¼ 3KILþ 2lI J and mI ¼ 1
3KvI
Lþ 1
2gI
J
In addition, the matrix behavior is also assumed to be isotropic so
that:
C ¼ 3KLþ 2lJ and M ¼ 1
3Kv
Lþ 1
2g
J
For an isotropic medium and spherical inclusions, Eshelby tensors
SC and SB have the following expressions (Kröner, 1989):
SC ¼ aCLþ bCJ and SB ¼ avLþ bv J
where aC ¼ 3K3Kþ4l;b
C ¼ 6ðKþ2lÞ5ð3Kþ4lÞ ;a
v ¼ 3Kv
3Kvþ4g ;b
v ¼ 6ðK
vþ2gÞ
5ð3Kvþ4gÞ.
Therefore, with these previous notations, Eq. (59) can be
decomposed into two equations: ﬁrst one including deviatoric
parts of strain and stress tensors, and second one spherical parts:
1
2lI
€rId þ Nd1 _rId þ Nd2rId ¼ ACd€Ed þ Nd3 _Ed ð64Þ
1
3KI
€rIs þ Ns1 _rIs þ Ns2rIs ¼ ACs €Es þ Ns3 _Es ð65Þ
where Fd and Fs are, respectively, deviatoric and spherical parts of a
second order tensor F, and:
Nd1 ¼ 12A
C
d
1
gI
bC 1
gI
1
g
 
þl
g
aC
av
1
lI
bv 1
lI
 1
l
  
þ
_k
k
1
lI
AC
1
d
 !
Nd2¼12A
C
d 
_gI
gI2
bC l _g
g2
l
I _gI
gI2
 !
þl
g
aC
av
1
gI
AB
1
d þ
_k
k
1
gI
bC 1
gI
1
g
   !
Nd3 ¼ lg
aC
av

_k
k
 !
ACd
Ns1¼13A
C
s
1
Kv
I aC
1
Kv
I 
1
Kv
 
þl
g
aC
av
1
KI
av 1
lI
1
l
  
þ
_k
k
1
KI
AC
1
s
 !
Ns2 ¼ 13A
C
s 
_Kv
I
Kv
I2
 aC
_Kv
Kv
2 
_Kv
I
Kv
I2
 !
þ l
g
aC
av
1
Kv
I A
B1
s
 
þ
_k
k
1
Kv
I  aC
1
Kv
I 
1
Kv
  !
Ns3 ¼ lg
aC
av

_k
k
 !
ACs
where ACd ¼ llþbCðlI lÞ ; A
C
s ¼ KKþaCðKI KÞ ; A
B
d ¼ ggþbvðgI gÞ ;
ABs ¼ K
v
Kv þ avðKv I  KvÞ
. In the case of an incompressible material
(K and Kv tend to inﬁnity), constitutive equations are reduced to
deviatoric parts of strain and stress tensors and interaction law
(64) becomes
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2lI
þ 1þ Bv1 þ _g
lI
 
_rId
2g
þ l
I
g
Bv
1 
_Bv
Bv
2
 !
rId
2g
¼ €Ed þ l
I
g
þ _g
g
 
_Ed
ð66Þ
where Bv is the viscoplastic stress concentration tensor in incom-
pressible case:
Bv ¼ 5g
I
3gþ 2gI :
The complexity of heterogeneous elastic–viscoplastic behavior can
easily be descripted through interaction law (66). Indeed, the over-
all response of the material depends on its both space heterogeneity
and time hereditary natures.
To check the reliability of interaction laws (64) and (65), the La-
place–Carson transform has been applied in linear viscoelasticity
ð _gI ¼ _g ¼ 0; _Kv I ¼ _Kv ¼ 0Þ. The result of such an application leads
to the symbolic interaction law of Hashin (1969) in Laplace–Carson
space, which is considered as reference solution (see Coulibaly and
Sabar, in press).
Moreover, Laplace–Carson transform has also been applied to
laws (64) and (65) for isotropic linear viscoelastic case and allows
to conclude that solution of the new present approach corresponds
to the exact solution of Hashin (1969) and Rougier et al. (1993)
models.3. Self-consistent approximation for elastic–viscoplastic
heterogeneous materials
Self-consistent approach is an averaging method that provides
the overall response of heterogeneous materials in terms of the lo-
cal responses of their constituents. In this approach, it is assumed
that a given phase of the material can be represented as an ellipsoi-
dal heterogeneity (also called inclusion), embedded in a uniform
inﬁnite matrix, of which properties are taken as identical to the
overall response of heterogeneous material, and are determined
in a consistent way. In this case, matrix is named Homogeneous
Equivalent Medium (HEM).
This homogenization technique is carried out in three steps:
– The ﬁrst step is to select the most Representative Elementary
Volume (REV) to describe the mechanical behavior of concerned
material.
– Then ‘‘concentration’’ step is intended to express the relation-
ship between the local and macroscopic strains or strain rates.
– At last, homogenization step leads to the HEM overall constitu-
tive law through the average operations on REV, which give the
connection between macroscopic ðR; _R; _E; . . .Þ and local
ðr; _r; _e; . . .Þ.
Compared to the various possible solutions of integral equation
(57), self-consistent approach is a reasonable compromise between
systematic statistical methods, which are difﬁcult to implement,
and uniform ﬁelds approximations (Taylor, 1938; Lin, 1957) in
which all heterogeneity, including intergranular one, is neglected
by principle. Moreover, in the case of elasticity, Kröner (1977)
showed that self-consistent approach is found to be an exact solu-
tion for perfectly disordered media.
In our proposed model, a N inclusions (grains or phases) based
material with perfectly disordered space distribution is discussed.
The ﬁrst condition is to assume a uniform behavior in each inclu-
sion (average stress and strain quantities). Hence, in each inclusion
i, uniform ﬁelds _ei and ri are set. Elastic properties ciðsi ¼ ci1 Þ are
considered as constant, at each time and position, and viscoplastic
ones miðbi ¼ mi1 Þ are stated uniform. In addition, notations (11)and (18) allows to write elastic and viscoplastic ﬂuctuations of
(57) as:
dsðrÞ ¼
XN
i¼1
DishiðrÞ and dmðrÞ ¼
XN
i¼1
DimhiðrÞ ð67Þ
where Dis = si  Se, Dim =mi Me and hi(r) is equal to 1 into inclu-
sion Vi and zero outside.
Otherwise, the HEM hold the elastic moduli CeðSe ¼ Ce1 Þ and
viscoplastic compliances MeðBe ¼ Me1 Þ, macroscopic stress R and
strain rate _E.
By substituting expressions (67) in integral equation (57), the
average value €ei can be evaluate as:
€ei ¼ €Eþ
XN
i0¼1
TC
e
ii0 : C
e : Di
0
s : €ri
0 þ Di0m : _ri0 þ Di0 _m : ri0
 
 l
e
ge
aCe
ave
_ei  _E
XN
i0¼1
TB
e
ii0 : B
e : Di
0
s : _ri
0 þ Di0m : ri0
  !
þ
_ke
ke
_ei  _E
XN
i0¼1
TC
e
ii0 : C
e : Di
0
s : _ri
0 þ Di0m : ri0
  !
ð68Þ
with aCe ¼ 3Ke
3Ke þ 4le ;a
ve ¼ 3Kve
3Kve þ 4ge ; k
e ¼ Ke
Kv
e  l
e
ge.
(Ke, le) and Kv
e
;geÞ are, respectively, the bulk and shear moduli
of tensors Ce and Be and tensor Taii0 ða ¼ Ce or BeÞ is given by:
Taii0 ¼
1
Vi
Z
Vi
Z
Vi;
Caðr  r0ÞdVi0 dVi ð69Þ
Eq. (68) is then a linear system of inclusions values €ei, whose order
is equal to the number N of considered inclusions.
At this point, each sum of (68) can be decomposed into two
terms, when i0 = i and when i0 – i, so that (68) becomes:
€ei ¼ €Eþ TCeii : Ce : Dis : €ri þ Dim : _ri þ Di _m : ri
 
 l
e
ge
aCe
ave
_ei  _E TBeii : Be : Dis : _ri þ Dim : ri
  
þ
_ke
ke
_ei  _E TCeii : Ce : Dis : _ri þ Dim : ri
  
þ
XN1
i0¼1
TC
e
ii0 : C
e : Di
0
s : €ri
0 þ Di0m : _ri0 þ Di0 _m : ri0
 
þ l
e
ge
aCe
ave
XN1
i0¼1
TB
e
ii0 : B
e : Di
0
s : _ri
0 þ Di0m : ri0
 

_ke
ke
XN1
i0¼1
TC
e
ii0 : C
e : Di
0
s : _ri
0 þ Di0m : ri0
 
ð70Þ
In light of this latter equation, it can be noted that if d is the distance
between two inclusions i and i0 (i– i0), tensor Taii0 consists of a term
as 1/d3 and another one as 1/d5 (Berveiller et al., 1987). We can
therefore infer that the inﬂuence of interaction is therefore limited
to immediately adjacent inclusions. One site self-consistent approx-
imation consists in neglecting terms involving contributions of
inclusions i0 – i in (70), since the effect on €ei is also taken into ac-
count through the interaction between inclusion i and HEM.
Finally, in the particular case of a spherical inclusion, it remains
from (70):€ei ¼ €Eþ SCe : Dis : €ri þ Dim : _ri þ Di _m : ri
 
 l
e
ge
aCe
ave
_ee  _E SBe : Dis : _ri þ Dim : ri
  
þ
_ke
ke
_ei  _E SCe : Dis : _ri þ Dim : ri
  
ð71Þ
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inclusion problem by substituting in (58) the elastic and viscoplas-
tic properties of the matrix (C,M) by those of HEM (Ce,Me).
Concentration law (71) can also be expressed in stress quanti-
ties as:
si : €ri þ Ne1 : _ri þ Ne2 : ri ¼ AC
e
: €Eþ Ne3 : _E ð72Þ
where AC
e
;Ne1;N
e
2 and N
e
3 are deﬁned in the same way as A
C, N1, N2
and N3 by simply substituting in expressions (60)–(63) properties
(C,M) by (Ce,Me).
The fourth order tensors Ne are functions of local and effective
elastic and viscoplastic properties of heterogeneous material. The
stress concentration relation (72) gives local stress tensor ri and
its ﬁrst and second order time derivatives _ri; €ri as functions of the
macroscopic strain rate _E and its time derivative €E. This is a second
order differential equationwhose resolution leads to the determina-
tion of the solution ri according to time and macroscopic ﬁeld _E.
Macroscopic stress and stress rate are obtained from local stress
and stress rate in the inclusion by a discrete average operation:
R ¼ r ¼
XN
i¼1
rif i; _R ¼ _r ¼
XN
i¼1
_rif i and €R ¼ €r ¼
XN
i¼1
€rif i
ð73Þ
where F is the average value of a tensorF on volume V and fi is the
volume fraction of inclusion i(fi = Vi/V).
When applying consistent conditions _e ¼ _E; €e ¼ €E and (73) to
integral equation (71), macroscopic behavior law is determined as:
_E ¼ Se : _RþMe : R ð74Þ
The implicit nature of the self-consistent homogenization is high-
lighted here by the fact that terms Ne are expressed by the overall
properties Ce and Me. These terms are unknown and have to be
determined by establishing additional equations to solve the heter-
ogeneous problem.
Because the viscoplastic strain rate is independent of the effec-
tive elastic properties, self-consistent approximation is directly ap-
plied to the case of heterogeneous elastic problem (without
viscoplastic strain) to determine the elastic moduli Ce thanks to
the following relation
Ce ¼ c : ACe ; ACe ¼ I
Unlike time independent elastic properties Ce, viscoplastic proper-
ties Me are taken as internal variables which depend on the history
of the material deformation.
The calculation scheme of properties Me(t) are as follows:
– _E is given at each time and so is its time derivative €E.
– At each time t, internal variables riðtÞ; _riðtÞ;RðtÞ and _RðtÞ are
supposed to be known at any point of the material.
– Hence, by using (72) and (74), €riðtÞ and €RðtÞ are calculated as
functions of Me(t) and _MeðtÞ.
– Tensors Me(t) and _MeðtÞ are adjusted to satisfy the self-consis-
tent conditions _e ¼ _E; €e ¼ €E. However, satisfying these condi-
tions is usually not strictly possible because only the two
scalars Kve and ge (or _Kve and _geÞ can be adjusted. In our numer-
ical scheme, Kve and ge are determined so that to minimize the
errors nn ¼ k _e
_Ek
k _Ek ; with kXk ¼ ðX : XÞ
1=2These errors should not exceed a few hundredths. In some
cases, consistent conditions can be exactly satisﬁed as for a ten-
sile or compressive stress.– After having determinedMe(t) then €riðtÞ and €RðtÞ, internal vari-
ables _riðt þ DtÞ;riðt þ DtÞ; _Rðt þ DtÞ;Rðt þ DtÞ can be calculated
using an incremental method.
The presence in (72) of stress and stress rate ﬁelds associated
with strain concentration tensor points out the complexity of spa-
tial interaction and the ‘‘long memory effect’’ in elastic–viscoplas-
tic materials. Concentration law (72) fully and rigorously
describes the mechanical problem of heterogeneous elastic–
viscoplasticity.4. Applications to two-phase material
The numerical resolution applied to the concentration relation
(72) requires an incremental method where internal variables at
time tn+1 are determined by their values at time tn. Time increment
Dt is set by taking into account both predictive results accuracy
and processor calculation duration. In the following simulations,
Dtwas set at a hundredth of a second to ensure suitable prediction
and calculation time up to 1 min.
4.1. Case of linear viscoelastic material
In the case of linear viscoelasticity (constant moduli c(r) and
b(r)), a comparison of present model and the one of Rougier et al.
(1994), based on the linear viscoelastic inclusion problem solved
by Hashin (1969) and using Laplace–Carson transform is proposed.
Internal variables Models of Weng (1981a) and Paquin (1999) are
also added in this comparison.
In the case of a two-phase material, stress concentration Eq.
(72) is used to determine the local ﬁelds in each phase. Obtained
results represent macroscopic tensile behavior. To present simple
analytical results, a two-phase isotropic material is considered.
Elastic and viscous moduli of each material phase, respectively,
are li, Ki and gi;Kv
i
, with i = 1 or 2.
4.1.1. Rougier’s model
In Rougier’s model, the linearity of local constitutive behavior
allows to apply the classical self-consistent scheme in the
Laplace–Carson space as presented by Hashin (1969) and Rougier
et al. (1994). Thus, symbolic stress concentration tensor in
Laplace–Carson space for the phase i is given by:
r^iðpÞ ¼ l^ðpÞbAiðpÞb_EðpÞ with bAiðpÞ ¼ 5bLeðpÞ
3bLeðpÞ þ 2^lðpÞ
where the Laplace–Carson transform of a function f is denoted f^ ;p is
the Laplace variable and bLe denotes the symbolic overall moduli
tensor. This tensor is determined by solving the classical self-con-
sistent approximation of a two-phase material:
bLe ¼ l^e þ f 1 ð^l1  l^2ÞbA1
where f1 is the volume fraction of phase 1.
Applying Laplace–Carson transform to (4) leads to the following
constitutive equation for each phase:
r^iðpÞ ¼ l^iðpÞ _^eðpÞ with l^iðpÞ ¼ ðspþmÞ1
Rougier’s model is considered as a reference.
4.1.2. Paquin’s model
For anisotropic material, the macroscopic behavior law derived
by Paquin’s model is as follows:
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: dc : m : r c : ACe : tBce : m : r ABe : m : r
  
 c : ACe : TBe
: db : m : rþ b : ABe : dm : r
 
þ c : ACe : ðTCe : Ce  TBe : BeÞ : ðm
: r ABe : m : rÞ
where Ce and Be are the moduli tensors of HEM, respectively, in pure
elasticity and pure viscoplasticity (asymptotic states), while
BC
e ¼ c : ACe : Se.
4.1.3. Weng’s model
In the case of anisotropic heterogeneous material, the interac-
tion law for stresses obtained by Weng’s model reads as:
_r ¼ c : ACe : Ce1 : _R c : ACe : ðI  SCe Þ : ð _evp  _Evpe Þ
_Evpe is the overall viscoplastic strain rate of HEM.
To carry out the comparison, numerical simulations in linear
case are performed by setting a two-phase material with volume
fractions of phases f equal to 0.5 and whose local mechanical prop-
erties are.
– For phase 1: l1 ¼ 500MPa; g1 ¼ 5000MPa s; m¼ m1e ¼ m1v ¼ 0:29
– For phase 2: l2 ¼ 200MPa; g2 ¼ 1000MPa s; m¼ m2e ¼ m2v ¼ 0:45
Fig. 1 shows the curves obtained by the proposed model and
reference solution of Rougier et al. (1994) for a uniaxial tensile-
compressive test (along axis 1) at constant strain rate
_E ¼ 104 s1. The concordance of the two responses conﬁrms that
in linear viscoelasticity, the new internal variables model reaches
the ‘‘exact’’ solution.
Then comparison between the results of the present model and
those of Weng (1981a) and Paquin et al. (1999) are illustrated in
Fig. 1. From that graph, it can be easily noticed that Weng’s model
results in an overestimation of the mechanical response, while the
translated ﬁelds Paquin’s model has a gap with the ‘‘exact’’ solution
because of its lack of precision in predicting the overall behavior
from the curve’s bend to long times, attesting that its weakness lies
in modeling the viscoelastic coupling.
4.2. Case of elastic–viscoplastic material
The second stage is to predict the overall behavior of elastic–
viscoplastic two-phase isotropic material through the present self
consistent model. The overall response obtained with the present
model is compared with the variational methods of Lahellec and-1
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Fig. 1. Macroscopic behavior of a two-phase linear viscoelastic isotropic material
for a tensile-compressive test at j _E11j ¼ 104 s1.Suquet and Finite Elements Method (FEM) (Lahellec and Suquet,
2007).
Here, the two phases of heterogeneous material are deﬁned as
Generalized Standard Materials (GSM), i.e. their constitutive rela-
tions derive from two thermodynamic potentials: free-energy w
and dissipation potential u, deﬁned as
wðe; evpÞ ¼ 1
2
ðe evpÞ : c : ðe evpÞ; uð _evpÞ ¼ r0 _e0
kþ 1
_evpeq
_e0
 kþ1
where c is the isotropic elastic tensor, r0 and _e0 are stress and strain
rate constant values characterizing each phase (Lahellec and Su-
quet, 2007), k is the rate-sensibility exponent, and
_evpeq ¼ 23 _evp : _evp
 1=2 is the viscoplastic Von Mises equivalent strain
rate.
Hence, viscoplasticity is set incompressible and constitutive
equations can be formulated as local secant behavior law.
Introducing the secant viscoplastic modulus gs as
rd ¼ @u
@ _evp
ð _evpÞ ¼ 2gsð _evpÞ _evp
where rd is the deviatoric part of stress tensor r, the elastic–visco-
plastic constitutive law can thus be written as
_e ¼ s : _rþ 1
2gs
rd with
1
2gs
¼ 3
2
_e0
rn1eq
rn0
and n ¼ 1
k
Here, req ¼ 32rd : rd
 1=2 is the Von Mises equivalent stress. More-
over, deﬁning the secant viscoplastic compliances tensor ms ¼ 12gs J,
then we have:
_e ¼ s : _rþms : r with ms ¼ 32 _e0
rn1eq
rn0
 !
J
Variational method of Lahellec and Suquet (2007) uses an Effective
Internal Variable (EIV) at each time tn, corresponding to viscoplastic
strain evpn in this case, which is set uniform in each phase. Two var-
iational models are taken into account:
– In the ﬁrst one, the variational thermoelastic problem is numer-
ically solved by FEM. This ﬁrst model is named ‘‘EIV-FEM’’.
– The second model uses a numerical resolution based on
Hashin–Shtrikman lower bound and is written ‘‘EIV-HS’’.
The complete FEM model is applied to GSM constitutive equa-
tions with previous deﬁnition of tensor m, considered as the ‘‘ex-
act’’ solution for nonlinear case, and labelled ‘‘exact FEM’’.
Numerical simulations are achieved by applying the proposed
model, ‘‘EIV-FEM’’, ‘‘EIV-HS’’ and ‘‘exact FEM’’ to two-phase mate-
rial with volume fraction of inclusions f equal to 0.25 and local
mechanical properties given by.
– For elastic inclusions: Young modulus EI ¼ 400 GPa; mIe ¼ 0:2.
– For the matrix: Young modulus EM ¼ 70 GPa;mMe ¼ 0:3;
mMv ¼ 0:5;r0 ¼ 480 MPa; _e0 ¼ 102 s1.
The results shown below represent the overall response of the
material for a uniaxial tensile test (along axis 1) at constant strain
rate j _Ej ¼ 102 s1.
Fig. 2 depicts the overall behavior when setting the rate-sensi-
bility exponent at 1 (linear viscoelasticity), while Figs. 3 and 4,
respectively, illustrate the effective behavior for rate-sensibility
exponent values 0.2 and 0.1. Note here that transient regime area,
describing elastic and dissipative coupling effects, increases with
the value of k(0 6 k 6 1).
A good agreement can be noticed between the new secant mod-
el and the other ones. For both values 0.2 and 0.1 of k, curves of
present model stand between ‘‘EIV-FEM’’ upper responses and
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Fig. 2. Macroscopic behavior of a two-phase compressible elastic–viscoplastic
isotropic material for a tensile test at j _E11j ¼ 104 s1 and rate sensibility exponent
k = 1.
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Fig. 3. Macroscopic behavior of a two-phase compressible elastic–viscoplastic
isotropic material for a tensile test j _E11j ¼ 104 s1 at and rate sensibility exponent
k = 0.2.
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Fig. 4. Macroscopic behavior of a two-phase compressible elastic–viscoplastic
isotropic material for a tensile test at j _E11 j ¼ 104 s1 and rate sensibility exponent
k = 0.1.
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model gets rapidly closer to the ‘‘exact FEM’’ one with increasing k.
5. Conclusions
This paper is devoted to the presentation of a new approach to
deal with the scale transition for elastic–viscoplastic heteroge-neous materials. These so-called materials are characterized by a
strong space/time coupling due to complex intergranular interac-
tions whose effect has to be taken into account.
The new proposed integral formulation allows to obtain an inte-
gral equation which can be written as function of classical Green
operators for elasticity and viscoplasticity, and elastic and visco-
plastic ﬂuctuations. The ‘‘volume’’ terms, that were introduced in
the previous contributions and which point out the main difﬁculty
of scale transition from elastic–viscoplastic behavior, no longer ap-
pear in this new equation. The proposed method can reasonably
adapt to the classical scale transition methods of heterogeneous
materials.
Application to linear viscoelasticity shows that the new pro-
posed internal variables approach leads to the reference solution
of Rougier’s model (1994) and offers a much more simple imple-
mentation through a signiﬁcant reduction of computation time
by about 10 times.
In the case of elasic-viscoplasticity, the results show a good
agreement between the curves of the proposed model and the
other models used for comparison, including those provided by
FEM representing exact solution. Therefore, the new integral for-
mulation approach is an accurate and reliable model for modeling
elastic–viscoplastic behavior of heterogeneous materials.References
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